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Abstract: Rail corrugation increases life cycle cost of both track and vehicle and is one of the main reasons of track and vehicle 

defects. To address this problem, this paper explores the effect of rail corrugation on track response. A Finite Element model 

developed to consider vehicle and track characteristics. Vehicle is a 10 degree of freedom mass-spring-dashpot model which can 

simulate vertical displacements and rotations. Rail is modeled as an Euler-Bernoulli beam with two degrees of freedom at each node 

which lies on discrete support to simulate sleeper and fastening system support. The total train-track matrices of mass, damping and 

stiffness have been formed. Solving the differential equations of motion in time domain for each time step results the response of track 

to train dynamic forces. A sensitivity analysis has been performed to explore the effect of different train and track parameters on rail 

displacement. The results of analyses show the effect of corrugation depth and wavelength as well as train speed and axle load on rail 

deflections and demonstrate the importance of each parameter in the studied range.    
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1. INTRODUCTION 
Corrugation is major source of dynamic forces applied from 

vehicles. Based on AREMA (American Railway Engineering 

Maintenance of way Association), Corrugation initiates from 

rail head de-carbonization and irregularities such as; rail 

manufacture pitting, contact fatigue defects, rail welds, rail 

joints, etc. [1] Train axle load and speed are also important 

factors creating corrugation with specific wavelengths. 

Corrugation can be characterized by its depth and wavelength. 

Different depth and frequency can be detected in the field. 

UIC (International Union of Railways) divided corrugation 

into two categories: short-pitch corrugation with wavelength 

between 3 to 8 cm and long-pitch corrugation with wave 

length between 8 to 30 cm [2].  

The importance of corrugation made many researchers to 

study this phenomenon to investigate causes, characteristics 

and treatment of corrugation. These studies, delved into 

different aspects of rail corrugation both theoretically and 

experimentally to consider the effect of different track types, 

vehicle condition, curvature and wheel-rail interaction [3].  

Grassie reviewed different type of corrugation and proposed 

treatments. The effect of vehicle, rail type and traffic were 

also investigated[4].  

Hempelmann and Knothe using an advanced linear model and 

based on assuming a feedback between structural dynamics 

and wear explained the formation of short pitch corrugation 

[5]. 

Egana et al conducted a research to study the influence of rail 

pad stiffness on rail corrugation. They concluded that soft rail 

pads can decrease the growth of corrugation and also 

eliminate one of the wavelengths [6]. 

Correa et al taking into account the dynamics of the track, the 

wheelset and the wear mechanism, developed a numerical 

method and investigated the effect of track radius on 

corrugation for four types of ballasted and ballastless high 

speed tracks [7]. 

Although the above mentioned papers and some other 

researches successfully addressed some important aspects of 

rail corrugation, the great influence of this rail flaw on 

deteriorating track and damaging wheels makes more research 

necessary. The aim of this paper is to investigate the effect of 

different parameters of corrugation and train on rail 

displacement using a numerical solution. The numerical 

method includes modeling of vehicle and track in time 

domain. The investigated parameters are, corrugation depth 

and wavelength, train speed and axle load. The purpose is to 

find the maximum response of track to each parameters in 

order to control the effective factors on corrugation and 

prioritize the maintenance activities. The results of the study 

can be used from freight to high-speed trains.      

2. MODELING PROCEDURE 
Although it is shown that the combination of physical and 

numerical modeling provide better results compared to 

numerical analysis in engineering application, [8], [9], [10] 

however numerical modeling considering realistic values may 

lead to good results. This is especially valid for a complicated 

problem of rail dynamic analysis. In this research a finite 

element model has been developed to consider the effect of 

rail corrugation on track response. The model consists of 

vehicle, track and their interactions. As 0 shows, the vehicle is 

a ten degree of freedom (DOF) mass spring damper model 

including a car body, two bogie frames and four wheel-sets. 

The car body has a mass of cM and a rotational moment 

of cj about the transverse horizontal axis. Bogies have mass 

of tm  and rotational moment of tj . Wheels are characterized 

by a mass of wm  and have one DOF. It is assumed that the 

mass of each part is concentrated in the centroid of the tack 

components. the mass, stiffness and damping matrices of train 

can be expressed as follows: [11], [12] 
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Figure.1 Vehicle and track model 
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In equations (1) to (3), cL is half of the distance between two 

bogies and tL is the half of the distance between two wheels 

of the same bogie. tK , twK , tC and twC denote stiffness and 

damping of the secondary and primary suspension system of 

the vehicle respectively. wK and wC are the spring and 

damping constants between the rail and vehicle. 0 show the 

parameters and the assigned values in numerical analysis.  

Table 1. Rail vehicle properties 

Parameter Value 

Mass of car body (kg) 49500 

Car body inertia moment(kg.m2) 2.15×106 

Mass of bogie (kg) 3200 

bogie inertia moment(kg.m2) 4000 

Distance between bogie centers (m) 12.5 

Mass of wheel axle (kg) 900 

Secondary suspension stiffness (N/m) 1.74×105 

Secondary suspension damping (N.s/m) 4.50×104 

Primary suspension stiffness (N/m) 6.33×105 

Primary suspension damping (N.s/m) 4.08×104 

 

The track and its supporting layer were modeled as beam and 

discrete mass-less springs and viscous dampers. The springs 

represent the track sub-layers, connecting the beam to the 

subgrade. Neglecting axial deformations, each beam element 

has four DOF which can described by Cubic Hermitian shape 

functions. Therefore, displacements of the beam elements’ 

nodes can be calculated by the following expression. [12], 

[13] 

     tqeNtey i,                                                 (4) 

Where y(e, t) is the vertical displacement of the rail element. 

 tqi is the nodal displacement vector of rail and N(e) is the 

matrix of the beam shape functions as follows: 

        eNeNeNeNeN 43211 )(                               (5) 

Where                                                                         
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In which “l” and “e” respectively demonstrate the length and 

local coordinate of the elements measured from the left node 

of elements. The mass and stiffness matrices of beam 

elements ( rM and rK ) can be written in the following form:  
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Where m , rE and rI  stand for the mass per unit length, the 

modulus of elasticity and the moment of inertia of beam 

elements, respectively. 

Considering the mass, stiffness and damping matrices of the 

vehicle and track elements, the dynamic equation of the whole 

system can be presented in the following format. 

           tPyKyCyM                                            (8) 
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Where, [M], [C], and [K] are the matrices representing mass, 

damping and the stiffness of train-track coupling system, 

respectively.  y ,  y  and  y  are displacement, velocity and 

acceleration of train-track elements, respectively. P(t) 

indicates the vector of load induced by the passage of the 

train. Table. 2 shows track parameters used in numerical 

analysis. Note that the length of beam elements is assumed to 

be 0.6 m which is the typical distance between cross ties. So 

the model has 80 elements and 81 nodes and consequently, 

the total number of DOFs for rail is 162.  

Table 2.  Rail track properties 

Parameter Value 

Track length (m) 48 

Rail modulus of elasticity (N/m2) 2×1011 

Rail moment of inertia (m4) 2.34×10-5 

Mass per unit length of rail (Kg/m) 55 

Distance between sleepers (m) 0.6 
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Figure. 2 Rail displacement for different rail corrugation depth (left) 0.5 mm (right) 1 mm 

3. VEHICLE-TRACK SYSTEM 
Hertz contact theory is used to model the interaction between 

vehicle and track structure. Neglecting rail irregularities, the 

contact force between wheel and rail may be determined using 

Hertz theory through the following formula:[14] 

 raillwheel yy  HKP                                                          (9) 

Where HK is linearized Hertzian spring constant which is a 

function of wheel and rail profile radius and their material 

properties.  

To solve the dynamic equations of motion, Newmark 

integration method is used. This method developed by 

Newmark (1959) is based on the assumption that the 

acceleration varies linearly between two instants of time. The 

following formula can be applied  

     11 1   iiii ututuu                                        (10) 

       1
22

1 5.0   iiiii ututtuuu               (11) 

Where t  is time step,  and   show the variation of 

acceleration during one time step. In the numerical solution, 

the values of  and   are 0.5 and 0.25, as a result, the 

solution will be unconditionally stable. Time step, t  is 

chosen 0.005 seconds. Applying equations 11 and 12, the 

track response at time “t+dt” can be determined if response is 

known at time “t”. [13] 

4. RESULTS 
Error! Reference source not found. compares the result of 

analyses for a smooth track and corrugated track with 

different depth. The figure shows the rail displacement for 0.5 

mm and 1 mm corrugation depth. The maximum displacement 

in perfect condition is 2 mm. 0.5 mm deep corrugation 

increases the rail deflection to 3 mm. 0 alsoError! Reference 

source not found. depicts the same results for 1mm 

corrugation. As expected, rail displacement increases with 

increasing the depth of corrugation and the maximum 

difference between ideal and defected track displacement is 

about 100%.  
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Figure. 3 The effect of corrugation wavelength on rail 

displacements 

To investigate the impact of wavelength on rail response, the 

analyses are performed for wavelength of 0.2 m and 1 m. 0 

demonstrates the effect of corrugation wavelength on rail 

deflection. Increasing corrugation wavelength causes a 

reduction in rail displacement. As the figure shows about 40% 

drop in rail displacement can be seen by increasing the 

wavelength.  

Train axle load is an important parameter to raise rail 

displacement. This can be seen in 0 which shows the 

influence of train axle load on rail displacements. It should be 

noted that to obtain this graph, it is assumed that vehicle speed 

is 100 km/hr. and wavelength and depth of corrugation are 0.2 

m and 0.5 mm. The minimum displacement from the cases 
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shown in 0 is 2.4 mm corresponding to 10 ton axle load. By 

increasing the train load, rail displacement increases and for 

22 ton axle load reaches to 3.97 mm. 
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Figure. 4 The effect of axle load on rail displacement 
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Figure. 5 The effect of train speed on rail displacements 

In intercity lines, vehicles with different speeds may travel 

and the passage of trains with different speeds can create 

corrugation with varying depth and wavelength. As a result, 

train speed is one of the most influential parameters on rail 

response. In this part, it is assumed that axle load is 14 ton and 

corrugation parameters i.e. wavelength and depth are 0.2 m 

and 0.5 mm and constants. The results presented for speeds 

50, 100, 150 and 200 km/hr.  

As 0 shows, the maximum rail displacement under loads 

moving at the speed of 50 km/hr is 3.1 mm. With increasing 

vehicle speed, rail displacement also increases and for speed 

100 km/hr reaches 3.8 mm. This trend is valid for 150 km/hr. 

train speed and the maximum deflection raises to 4.7 and. 

Increasing the speed of vehicle more than this point results in 

a decrease in rail displacement. The maximum displacement 

for 200 km/hr train speed is 4.6. As a result, 150 km/hr is the 

critical speed for this case. 0 illustrates the difference in 

critical speed with varying corrugation wavelength. An 

increase in corrugation wavelength results in increasing 

critical speed. So in case of high-speed train, long wavelength 

corrugation should be avoided. 

 

Figure. 6 The effect of corrugation wavelength on train 

critical speed 

5. CONCLUSIONS 
This paper explored the influence of corrugation on track 

displacement by using a finite element model of track and 
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vehicle. Vehicle is simulated by mass-spring-damper model 

and rail is considered as Euler-Bernoulli beam and the whole 

system has been solved in time-domain by Newmark 

integration method. The results of the study show rail 

displacement under different conditions and determine the 

effect of train and track parameters on rail response. The 

results of the study can be summarized as follows 

- Increasing corrugation depth results in about 40% 

increase in rail displacement. Wavelength have 

almost the same effect and changing wavelength 

causes 50% alternation in rail displacement 

- The maximum effects of axle load and train speed 

in the considered range are 58% and 62% 

respectively.  

- Corrugation is a very important factor in increasing 

dynamic effect of rail vehicles. This is very crucial 

in case of low wavelength and deep corrugation. 

Controlling of corrugation depth and wavelength is 

very important in case of freight and high-speed 

trains.   

- Increasing train speed does not necessarily increases 

rail deflection. For each case of corrugation 

wavelength and depth, vehicle critical speed should 

be determined and considered for design purposes.      
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