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Abstract: The study of moduli spaces has long centered on understanding how algebraic, geometric, and topological structures vary
within parametrized families. While classical approaches treat moduli as smooth or generically well-behaved, recent developments in
deformation theory reveal a far more intricate landscape governed by syzygies, cohomological constraints, and stratified behavior.
This broader perspective situates moduli spaces not as uniform entities but as loci with subtle internal architecture, where algebraic
relations among generators shape geometric possibilities. Within this context, syzygetic stratification emerges as a powerful
framework for describing how hidden algebraic dependencies partition local moduli into strata characterized by distinct conomological
profiles. A central phenomenon arising in this stratified viewpoint is the jumping of Betti numbers, where small deformations induce
discrete changes in the minimal free resolution rather than continuous variation. Such jumps reflect deeper geometric transitions,
including alterations in singularity type, embedding dimension, and syzygy structure. The behavior of Betti numbers under
deformation challenges the expectation that moduli behave predictably and instead highlights the role of obstructions, derived category
structures, and higher-order relations in shaping local deformation patterns. This work narrows its focus to the mechanisms driving
Betti number variation within syzygetically stratified moduli. Emphasis is placed on identifying the algebraic conditions under which
deformations preserve syzygy order versus those that force transitions across strata. By examining deformation functors, obstruction
spaces, and spectral sequences governing syzygy persistence, the study provides a refined characterization of how local moduli
respond to infinitesimal and higher-order perturbations. Collectively, these insights contribute to a deeper theoretical understanding of
moduli rigidity, deformation complexity, and the interaction between algebraic structure and geometric variation in contemporary
deformation theory.
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numbers may shift under deformation, particularly when the
underlying structure undergoes subtle changes in complexity
or singularity type [5]. Even small perturbations can trigger

1. INTRODUCTION

1.1 Local moduli, deformations, and the role of syzygies

Local moduli spaces describe how algebraic structures behave
under infinitesimal perturbations, capturing the neighborhood
of a point representing a given object and revealing its
deformation freedom [1]. Within this framework, syzygies
encode relations among generators of ideals, offering a fine-
grained lens into structural stability as one moves through a
deformation family. Small perturbations may preserve
minimal free resolutions, yet more complex deformations can
alter syzygetic depth, reflecting hidden geometric transitions
that are not visible through classical invariants alone [2].
Because syzygies track the hierarchical dependence of
algebraic generators, they serve as sensitive indicators of
when a deformation crosses into a new structural regime [3].
Consequently, understanding how local moduli constraints
regulate syzygetic responses becomes essential for analyzing
degenerations, smoothings, and unobstructed versus
obstructed deformation directions, particularly in higher-
dimensional or singular settings where behavior is often
unpredictable.

1.2 Betti numbers as invariants and their instability under
deformation

Betti numbers provide a compact numerical summary of a
minimal free resolution, describing the number of generators
and relations present at each homological degree [4]. While
classically treated as invariants of an algebraic object, these
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discontinuities, causing Betti tables to jump between strata of
the moduli space where different homological patterns
prevail. This instability reflects the fact that Betti numbers
encode not only intrinsic geometry but also how that
geometry interacts with ambient coordinate choices and local
deformation constraints [6]. Detecting when a deformation is
likely to induce such jumps remains mathematically
challenging, as the transition mechanisms are highly sensitive
to both syzygetic relations and the algebraic properties of the
deforming family. Hence, Betti numbers function
simultaneously as invariants and deformation-responsive
signals within stratified moduli landscapes.

1.3 From algebraic stratification to computational
detection via MATLAB + CNNs

Algebraic stratification organizes families of algebraic objects
into layers defined by shared Betti tables, syzygy depths, or
deformation behaviors, offering a structured view of how
complexity evolves across moduli spaces [7]. Translating this
theoretical structure into computational practice requires
numerical experimentation, symbolic algebraic manipulation,
and pattern detection techniques capable of distinguishing
subtle homological variations. MATLAB provides an efficient
environment for generating deformation samples, computing
minimal resolutions, and assembling large datasets of
syzygetic and Betti features [8]. Convolutional neural
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networks (CNNs) then identify latent homological patterns
that are difficult to detect through direct algebraic inspection,
especially when deformations produce noisy or borderline
transitions. CNN classifiers can learn stratification boundaries
by mapping Betti tables and syzygy matrices into higher-level
representations, enabling automated detection of structural
shifts that signify movement across algebraic strata [9]. The
integration of symbolic computation and machine learning
thus enhances the resolution of stratification analysis.

1.4 Structural overview and contributions of the article

This article unifies deformation theory, syzygetic analysis,
and computational stratification by linking algebraic
structures with machine-learning detection methods [3]. It
outlines the mathematical context, develops MATLAB-based
deformation pipelines, and introduces CNN architectures that
classify syzygetic behaviors. Together, these contributions
establish a computational framework for studying stratified
moduli dynamics across diverse algebraic settings.
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Figure 1: Conceptual roadmap showing how deformations
affect syzygies and Betti numbers across stratified moduli.

2. MATHEMATICAL AND
GEOMETRIC PRELIMINARIES

2.1 Local moduli spaces and deformation theory

Local moduli spaces provide a geometric framework for
studying how algebraic or geometric structures vary under
infinitesimal and finite perturbations, revealing the
deformation capacity surrounding a given object [6]. At the
foundation of this perspective lies the deformation functor,
which formalizes how families of deformations behave over
Artinian base schemes and encodes obstruction phenomena.

Defy(4) = {isomorphism classes of deformations of X over 47

This functor governs how deformations assemble into a
formal moduli space, often approximated by tangent and
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obstruction groups computed through Ext modules [7]. The
first-order behavior of this moduli space is captured by its
tangent space, revealing the infinitesimal directions in which
Xcan deform.

T! = Exti{n,. o,

This vector space controls linearized deformation behavior
and indicates whether a structure is rigid or possesses
nontrivial deformation paths [8]. When Tlis large, the
corresponding moduli neighborhood may exhibit substantial
complexity, with multiple components or stratifications that
reflect differing deformation patterns. Higher Ext groups
introduce obstructions, determining whether first-order
deformations extend to higher orders, with Ext>frequently
serving as the obstruction space [9].

Local moduli theory becomes particularly rich when
interacting with singularities, where small perturbations may
dramatically alter smoothness, embedding dimension, or
syzygetic structure. The contrast between unobstructed and
obstructed regimes determines whether formal moduli spaces
are smooth or possess embedded components that disrupt
standard geometric interpretations [10]. Understanding these
mechanisms is crucial when analyzing how syzygies respond
to deformations, because moduli neighborhoods often contain
multiple strata distinguished not by classical invariants, but by
homological-depth transitions, Betti-table discontinuities, or
shifts in minimal resolution structure [11]. Thus, deformation
theory provides the analytic backbone for interpreting syzygy
evolution and Betti-number instability within stratified moduli
landscapes.

2.2 Minimal free resolutions and Betti numbers

Minimal free resolutions describe the homological skeleton of
a graded module, revealing how generators, relations, and
higher-order syzygies assemble into a structured sequence
over a polynomial ring [12]. Each stage of the resolution
provides insight into geometric complexity, encoding the
algebraic behavior of varieties, schemes, or modules
embedded in affine or projective space. A key numerical
invariant extracted from such resolutions is the graded Betti
number, capturing both homological and internal degree
information.

Biijy = dim ; Tory (M, k);

These numbers populate the Betti table and determine how
many generators and syzygies appear at each level, serving as
fine-grained indicators of structural depth across deformations
[13]. Betti numbers remain central to moduli classification
because their patterns often reflect subtle shifts in complexity,
such as changes in regularity, projective dimension, or
Cohen—Macaulay behavior.

The minimal resolution is also tightly linked to the Hilbert
polynomial, which describes growth of the graded
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components of Aand offers a global perspective on
embedding dimension and eventual regularity.

Py(n) = dim , M, is determined by the length and shape of the mimimal resolution

The relation between resolution length and Hilbert polynomial
ensures that Betti tables encode not only homological features
but also asymptotic geometric properties of the underlying
object [14].

Minimal free resolutions frequently undergo discontinuities
when the object deforms, producing Betti number jumps or
shifts in homological degree. Such transitions define algebraic
strata in moduli spaces, causing objects with identical
classical invariants to occupy different homological layers
[15]. These phenomena also guide computational
classification efforts, since abrupt Betti changes indicate
boundary crossings between deformation regimes.

Minimal Free Resolution
of Syzygies

(F.:}E-[FQ}TI{@]

‘ \"a‘ll')f Fl ‘__’.w'::\'ltcr
parameters geometry

0= F; 2 F,—»F,—=di = M-

Figure 2: Minimal free resolution diagram of syzygies.

Through this lens, minimal resolutions serve both as analytic
invariants and computational signatures, bridging the
algebraic and geometric interpretation of deformation
pathways across moduli.

2.3 Syzygies, stratification, and local geometry

Syzygies represent the relations among generators of a
module and form the backbone of homological algebraic
structures, shaping how minimal free resolutions behave
under deformation [16]. Each syzygy level captures
constraints that influence both local geometry and global
classification behavior, making syzygetic depth a sensitive
indicator of structural change. The i-th syzygy group inherits
structure from the kernel of the previous differential, giving
rise to the fundamental identity:
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ker d; =im d;,,

This expression ensures that the resolution forms an exact
sequence, linking algebraic consistency with geometric
coherence across deformation families [9].

Stratification arises when moduli spaces are decomposed into
layers defined by syzygy ranks, Betti patterns, or homological
invariants. The rank of differential maps across the resolution
determines which stratum an object occupies, giving rise to
the condition:

rank{d;) =r= X, c M

These strata reflect geometric behaviors such as
degenerations, smoothing directions, or transitions between
Cohen—Macaulay and non—Cohen—Macaulay loci [14]. Small
deformations may preserve syzygy ranks locally, but global
movement across moduli often forces transitions between

strata, producing Betti number jumps and altering
homological signatures [11].

Because syzygies encode higher-order constraints among
generators, they often reveal geometric subtleties invisible to
classical invariants, including embedded components or
hidden singularity behavior [7]. Their deformation sensitivity
is why syzygy-based stratification provides a sharper partition
of moduli than dimension or Hilbert polynomial alone.

Computationally, syzygy detection through symbolic algebra
tools allows explicit identification of stratification boundaries,
while numerical experiments highlight where deformations
induce homological discontinuities [8]. Together, these
perspectives provide a unified framework for interpreting how
local geometry, homological complexity, and deformation
patterns co-evolve across stratified moduli landscapes,
offering a detailed map of syzygetic behavior under
perturbation [10].

3. THEORETICAL FRAMEWORK:
SYZYGETIC STRATIFICATION AND
BETTI NUMBER JUMPS

3.1 Structure of syzygetic strata inside local moduli

Syzygetic strata inside a local moduli space arise when
objects sharing identical homological features cluster into
subvarieties defined by constraints on ranks, kernels, images,
and Fitting-ideal conditions [13]. These strata refine classical
moduli descriptions by encoding the internal algebraic
structure of minimal resolutions rather than relying
exclusively on numerical invariants such as Hilbert functions.
A principal tool for describing such strata is the use of Fitting
ideals, whose vanishing precisely determines syzygy ranks
across homological degrees.

Stratification condition via Fitting ideals

X, ={X €M | Fitt, (M) =0}
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For a finitely generated module M, the Fitting ideal
Fitt, (M)is generated by all {n —}-minors of a presentation
matrix. Setting this ideal equal to zero enforces that the matrix
drops rank to at most r, thereby defining the locus of points in

the moduli space where the syzygetic constraint
rank(d;) = rholds. Thus, syzygetic strata appear as

determinantal subvarieties cut out by these rank conditions
[14].

Strata are not only defined deterministically but possess
geometric dimensions that approximate the freedom available
for objects with constrained syzygy behavior. These
dimension bounds arise from deformation-theoretic arguments
that rely on tangent-obstruction theory.

Dimension estimate theorem for strata
dim X, = dim M — codim(X,)

Because syzygy-rank conditions impose determinantal
equations, their codimension is computed from the expected
codimension of rank-deficient loci. Applying the tangent-—
obstruction sequence to the inclusion X, £ Afyields the lower

bound: the dimension of the stratum must be at least the
dimension of the full moduli space minus the codimension
contributed by these determinantal constraints [15].

This framework shows that syzygetic strata form nested,
highly structured layers inside moduli, each capturing a
coherent homological signature. However, the geometry may
become intricate when Ext-dimension variations signal
obstructed directions or when deformations induce transitions
into adjacent strata across nonsmooth boundaries [16].

Table 1. Key Invariants Defining Strata in Syzygetic

Invariant Description Role in Stratification
in the ambient depth.
moduli space.

. Distribution of Distinguishes :s,trata
Betti Table graded Betti numbers by homo!oglcal
Shape B . complexity and
e resolution length.
Ensures strata
Hilbert Polynomial capturing consistency by
. asymptotic growth of| aligning geometric
Polynomial .
graded components. [ and homological
invariants.

Moduli
Invariant Description Role in Stratification
Determines
Rank of each determinantal strata
differential d;in the [ where rank drops
Syzygy Rank -
minimal free correspond to
resolution. transitions between
layers.
Dimension of Controls infinitesimal

Ext'(M, M), the deformation
tangent space to the |directions and smooth
deformation functor. | vs. obstructed strata.

Ext ‘Dimension

Identifies loci where
deformations fail to
extend, often causing

Dimension of
Ext™(M, M), the
obstruction space.

Ext“Dimension

Betti jumps.
Projective Codimension of the | Determines expected
Codimension corresponding dimension of strata

determinantal locus and stratification
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3.2 Mechanisms of Betti number variation under
deformation

Betti numbers, though often treated as rigid invariants, vary
subtly under deformation, revealing deeper geometric and
homological transitions hidden from classical moduli analysis
[17]. Their behavior is governed by semicontinuity,
obstruction theory, and syzygy-rank constraints. Upper-
semicontinuity ensures that Betti numbers can only jump
upward when passing to special fibers but may drop
generically.

Upper-semicontinuity condition for Betti numbers
B; _i":X.s 1= 5 _i":XD:'

Using the flatness of the family X,and base-change properties
of Ter-groups, one obtains that the dimensions of these Tor-
modules behave upper-semicontinuously. Special fibers may
acquire additional syzygies due to rank drops in differentials,
while general fibers maintain minimal Betti configurations
[18]. Hence, Betti numbers may increase but cannot decrease
in specialization.

Despite this semicontinuity, discrete Betti jumps require the
presence of obstructions preventing certain deformations from
smoothing  syzygy levels. Obstruction maps link
Ext ‘deformations with ExtZobstructions, blocking extension
of homological relations.

Obstruction map affecting jumps
ob: Tt — T

The tangent space T+ = Ext'(M, M )describes infinitesimal
deformations. The obstruction map sends a first-order
deformation class to its obstruction in Ext=(M, M). If

chid) £ 0, the deformation cannot extend, forcing the
degeneracy of a differential and triggering a Betti jump [19].
Thus, Betti variations arise when obstruction classes intersect
determinantal conditions on the resolution’s differentials.

These mechanisms produce Betti regions within the moduli
space zones where Betti tables remain constant separated by
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sharp jump loci where determinantal and obstruction
conditions coincidentally trigger transitions [20]. Such
boundaries are algebraically rigid but geometrically delicate,
often appearing where syzygy behavior becomes unstable.

Visualization of Betti Regions and Discrete Jump Loci
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Figure 3: Visualization of Betti regions and discrete jump loci.

This understanding clarifies how deformation families
traverse the moduli landscape: smooth segments preserve
Betti structure while critical loci generate abrupt homological
transitions shaped by syzygy instability and Ext-obstruction
interactions [21].

3.3 Homological and geometric consequences of Betti
number jumps

Betti number jumps serve as geometric alarms indicating
transitions into regions of higher complexity, altered
singularity structure, or syzygetic instability [22]. When
differential ranks drop or new relations appear, the resulting
change in minimal free resolutions modifies both local and
global geometric properties. Degeneracy loci capture when
these jumps occur, characterizing the algebraic conditions that
force resolution behavior to change.

Degeneracy locus condition for Betti jump
rank(d;y=r = X e D,

A Betti jump at degree irequires that the differential d;loses

rank relative to the generic fiber. Determinantal equations
cutting out the locus where rank{d;) = rgenerate the Betti-

jump region D,. The increased kernel dimension yields
additional syzygies, reflected by higher Betti numbers

.El'_ _i'[23]-
These syzygy expansions alter tangent dimensions, often

increasing singularity complexity or changing depth
conditions. In projective settings, Betti jumps may correspond
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to transitions from Cohen—Macaulay to non—Cohen—Macaulay
behavior or shifts in Hilbert function regularity.

Beyond local degeneracy, deeper homological effects emerge
from changes in spectral sequences associated with filtered or
multigraded resolutions.

Spectral sequence degeneration illustrating syzygy changes

EF? = HP*degenerates when syzygies shift

Minimal resolutions generate spectral sequences whose E;-

pages encode syzygetic layers. A Betti jump disrupts filtration
stability, forcing early degeneration or re-indexing of the
spectral sequence. This results in altered convergence
behavior and reflects changes in homological depth and
regularity properties of the underlying module [15].

Thus, Betti jumps are not isolated numerical phenomena but
geometric transformations. They reshape deformation
pathways, alter tangent—obstruction patterns, and reorganize
syzygy hierarchies. These effects influence moduli geometry,
often producing singular strata, nonreduced components, or
unexpected adjacency relations between syzygetic layers.

4. METHODOLOGY: MATLAB
COMPUTATIONS AND CNN

DETECTION FRAMEWORK
4.1 MATLAB symbolic algebra for syzygy and resolution
computation

Symbolic algebra in MATLAB provides a flexible
computational environment for constructing deformation
families, computing syzygies, and generating minimal free
resolutions needed to study homological transitions across
moduli spaces. MATLAB’s Symbolic Math Toolbox enables
explicit manipulation of polynomial rings, Jacobian matrices,
and Grobner bases, offering a controlled platform for
experimentation with deformation parameters that influence
syzygetic behavior [20]. Central to deformation tracking is the
ability to detect when geometric or algebraic complexity
changes as parameters vary. The Jacobian criterion provides
a mechanism for identifying points at which singularity type
or rank conditions shift, serving as a diagnostic for transitions
that may trigger Betti number jumps [21].

Jacobian criterion for deformation tracking

af;
[ fod = 21

For a family of varieties defined by polynomials f;ix. t}, the
Jacobian matrix is constructed by differentiating each
polynomial with respect to the ambient variables. A point is
singular when the rank of this matrix drops. As deformation
parameters tvary, computing ramk([jreveals when the
structure crosses into a new geometric regime. Thus, the
Jacobian detects singularity changes and signals when
syzygies or resolution lengths may shift [22].
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MATLAB automates this process by repeatedly evaluating the
Jacobian across sampled deformation parameters, generating
data on where rank drops occur and where associated

syzygetic strata begin.

These computations feed

into

resolution algorithms based on Grdbner bases and syzygy
routines capable of extracting minimal relations among
generators. Symbolic simplification ensures that the resulting
syzygy matrices remain minimal, avoiding redundant relations
that could obscure genuine homological variation [23].

MATLAB Pipeline for
Generating Minimal
Resolutions and
Deformation Families

( Input )

Syzygy Ideals

'

| MATLAB [

A

Resolutions

- L
Minimal Free

’ Families

B -
Deformation

Figure 4: MATLAB pipeline for generating minimal

resolutions and deformation families.

Table 2. MATLAB functions and symbolic operations used

MATLAB

MATLAB

. P i
Category | function/ u_rpo§e n Notes
. pipeline
operation
Decl .
ol er(:oar;?al Basis for
. P y defining ideals,
Symbolic variables, .
. syms, sym deformations,
variables parameters, and .
. and Jacobian
symbolic .
- matrices
coefficients
o Construct
Polynomial pod)i/resg/tml defining Supports multi-
delzlinition symbolic equations parameter
exyressions fitxz.t)of the | deformations
P family X;
Ideals & Compute Used to derive
Grobner  [groebnerBasis| Grobner bases minimal
bases for generators and
syzygy/defining simplify

. Purpose in
Category | function/ .p . Notes
. pipeline
operation
ideals relations
Produces
syzygy (from Compute syzygy
. relations among .
Syzygy Symbolic . matrices
. generators (first .
computation Math . feeding the
and higher -
Toolbox) syzygies) minimal
yzyg resolution step
Build Jacobian
. Detects
matrix for the sinqularit
Jacobian & | . . . deformation g y
derivatives Jacobian, diff family and appl changes and
Y .pp y candidate Betti
the Jacobian . .
L jump loci
criterion
Determine ranks Ident_lfles
Rank & determinantal
. and kernels of
linear rank, null, rref . . strata and
differential /
algebra SvZvay matrices syzygy-rank
yzyay drops
Assemble Ensures
. Custom minimal free | homological
Resolution . . . S
.| scripts using [ resolutions from |minimality and
construction . 1
syzygy, null successive  |computes Betti
syzygy levels tables
Count graded
nerator En
_ Custom generators at codes output
Betti table . each as
. function (e.g. .
extraction bettiTable) homological | arrays/tensors
degree and | for CNN input
internal degree
Generate grids of Dtrlves;_
Def . " parameter values syls em_a Ic ;
e ormfatlon |nspac§, tfor simulating exploration o
sampling meshgrid . the local
deformation .
famili moduli
amifies neighborhood
Ensures
Convert compatibility
symbolic with deep-
double, matrices to learning
Data export B
for CNN reshape, save, | numeric tensors | frameworks
matfile and store them | (MATLAB,
for training/test | Python, or
splits external
toolboxes)
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Through this computational pipeline, MATLAB provides a

systematic way to track deformations,

identify syzygy
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transitions, and produce structured datasets suitable for
machine-learning classification.

4.2 CNN model for classification of Betti number jumps

Convolutional neural networks (CNNs) offer a powerful
method for detecting Betti number jumps by recognizing
patterns within tensorized representations of syzygies and
resolution matrices. Because Betti tables capture homological
depth and structural variation, they naturally exhibit geometric
patterns clusters, rank shifts, and degree alignments that
CNNs can learn to identify with high accuracy [24]. The CNN
processes these matrices as images, enabling convolutional
layers to extract local syzygy features that correspond to
potential jump regions in the moduli space.

Convolution operation
Fem =) fRgE-k
K

In CNNs, frepresents the input tensor (e.g., syzygy matrix
slice), and gis a convolutional filter. Sliding the filter across

the tensor, pointwise multiplications accumulate into a feature
value reflecting local structure. This mirrors how syzygy
relations carry localized algebraic information; shifts in
generator degrees or ranks produce detectable patterns within
the convolutional output [25].

The CNN must also be trained to distinguish between stable
Betti regions and jump events. This requires a loss function
that quantifies classification error across training samples.

Loss function for Betti jump classification

Lig) =- Z [yilog pi(8) + (1 — yplog (1 — pi{())]

With binary labels (jump or no jump), cross-entropy measures
the divergence between true labels y;and predicted

probabilities p; parameterized by network weights &.
Minimizing L{#)jupdates filters to emphasize features

predictive of jump loci, aligning classification boundaries
with homological transitions [26].

WWW.ijsea.com

CNN Architecture Tailored for
Homological Pattern Recognition
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Figure 5: CNN architecture tailored for homological pattern
recognition.

By integrating convolutional feature extraction with
deformation-generated training data, the CNN can map tensor
patterns to moduli regions, providing a predictive tool for
locating Betti jumps. This approach strengthens the link
between computational algebra and data-driven homological
analysis [27].

4.3 Dataset construction, encoding syzygies into tensors,
and ground-truth labeling

Constructing an effective dataset requires transforming
algebraic structures resolution matrices, syzygies, and
deformation samples into numerical tensors suitable for
machine-learning pipelines. Each minimal resolution is
represented as a sequence of matrices whose entries encode
generator degrees, ranks, and interrelations. To ensure
compatibility with CNN architectures, these matrices are
reshaped or padded into uniform tensor sizes. Encoding
schemes must preserve homological information while
eliminating redundancy, enabling the CNN to detect structural
signatures associated with Betti jumps [28].

Encoding function converting resolution matrices to
tensors

S(M) = tensor(M; ;)

Given a resolution matrix M, the encoding function €maps
each entry M; i typically a polynomial degree or syzygy
coefficient into a numeric value. The mapping may normalize
degrees, discretize term weights, or compress symbolic
expressions. The resulting tensor preserves relative magnitude
and positional structure, ensuring that CNN layers can
interpret  syzygetic  dependencies. This tensorization
transforms algebraic data into a geometric object suitable for
convolution operations [29].
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Ground-truth labeling is derived from deformation-generated
Betti tables. Each tensor receives a label indicating whether
the corresponding deformation instance lies within a stable
Betti region or adjacent to a jump locus. Labels are validated
through symbolic recomputation of resolutions to ensure
accuracy and remove cases influenced by non-minimality or
numerical artifacts. Dataset balancing guarantees equal
representation of jump and non-jump classes to avoid training
bias.

Table 3. Dataset Statistics and Identity Labeling Scheme

Category Description / Value Notes

into tensors resolution

Ensures numerical

Normalization| Min-max scaling or stability for CNN

Method degree-based scaling

Category Description / Value Notes

training
Exact Betti tables P_r ov_|des
Ground- . authoritative labels
computed via MATLAB
Truth Source free from

symbolic free-resolutions . .
numerical noise

Generated from
MATLAB
12,000 deformation symbolic
instances simulations across
multiple parameter
grids

Total Samples

Ensures balanced
coverage across
stable and jump

regions

Training /
Validation /
Test Split

70% / 15% / 15%

Each with varying
Number of | 40 distinct deformation |syzygy depth, Betti
Families families complexity, and

singularity type

Resolution matrices
Tensor 32 % 320r encoded as numeric

Dimensions | G4 x G4representations| tensors for CNN

ingestion

1-4 channels depending Multi-channel

Feature on encoding (degree, |encoding preserves
Channels | weight, position, syzygy homological
rank) structure

Label O: No Betti number change
Stable Region from baseline

B(X.) = B(Xg)

. Discrete locus
At least one homological

Label 1: Betti . . aligned with
degree exhibits a Betti g .
Jump . determinantal
increase :
boundaries
Label 2- Near- Transition region where Cjitufzsl 1’11);165 )
) CNN detects instability Jump” Sig
Jump . valuable for
patterns but symbolic -
Boundary o predictive
resolution is stable .
modeling
Encoding Syzygy matrices Preserves inter-
Scheme layer relations in

M ;flattened or stacked -
the minimal
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The dataset construction pipeline integrates symbolic algebra,
deformation sampling, syzygy extraction, tensor encoding,
and supervised labeling. This creates a structured foundation
on which the CNN learns to classify Betti transitions.

5. EXPERIMENTAL RESULTS AND
COMPUTATIONAL ANALYSIS

5.1 MATLAB-based simulation of deformation families
and syzygy shifts

MATLAB simulations provide a controlled computational
environment for examining how syzygies evolve across
deformation families, allowing systematic exploration of
parameter spaces where Betti number transitions occur [27].
The symbolic toolbox produces explicit generator sets,
Jacobian matrices, and Grébner bases for each deformation
instance, enabling algorithmic construction of minimal free
resolutions. By sampling a dense grid of deformation
parameters, the simulation traces where rank drops or
coefficient cancellations appear in the syzygy matrices. These
behaviors frequently coincide with strata boundaries predicted
by deformation theory, confirming that syzygetic transitions
tend to cluster along loci where algebraic or geometric
instability emerges [28].

A central element of the simulation workflow is the
parameterization of the deformation family, together with a
stability indicator capturing whether syzygy behavior remains
unchanged along the family.

Deformation parameterization and stability measure
Xp = Xy +tAX,5(8) =0 B(Xp) — B(Xp) |

The deformation is modeled as a first-order perturbation of
generators or relations; X.denotes the object at parameter t.

The stability measure 5(tjcomputes the normed difference
between Betti tables. When S5it) =0, the homological
structure remains stable; when 5(t) = 0, a Betti jump occurs.
MATLAB computes £ X;jthrough symbolic resolution

routines, allowing direct comparison with the baseline
configuration [29].
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Simulation results reveal that even small perturbations may
cause sudden syzygy rearrangements, especially near
determinantal rank boundaries. By animating these transitions
across t-values, MATLAB visualizes how syzygy layers peel

apart or merge, offering an empirical counterpart to theoretical
descriptions of stratified moduli geometry [30].

5.2 CNN detection accuracy and visualization of learned
syzygetic features

The CNN classifier trained on tensorized syzygies exhibits
high accuracy in detecting Betti number jumps, aligning
closely with deformation-theoretic predictions [31]. During
training, convolutional filters progressively learn to recognize
localized patterns associated with differential rank drops,
syzygy alignments, and degree-shift anomalies. These learned
patterns appear in the feature maps, which reveal how the
network hierarchically encodes syzygetic depth. Early layers
detect simple patterns such as sparse regions or diagonal
alignments while deeper layers uncover structural motifs
associated with singularity growth or resolution expansion
[32].

Visualization of intermediate activations shows that the CNN
responds strongly near tensor regions encoding columns of
differentials where rank instability is prevalent. These
responses correlate  with MATLAB-detected transitions,
indicating that the CNN internalizes homological cues similar
to those driving theoretical stratification. Accuracy
benchmarks remain consistently high across multiple
deformation families, with precision particularly notable near
boundaries where human inspection would struggle to
distinguish subtle syzygetic shifts [33].

The model also generalizes well to families not included in
training, demonstrating robustness to variation in generator
structure and polynomial degree. This confirms that CNNs
capture structural rather than superficial features, reflecting
genuine algebraic  patterns rather than memorized
representations. Moreover, saliency methods indicate that
jump predictions rely on meaningful syzygy clusters,
reinforcing theoretical claims that Betti discontinuities arise
from localized algebraic instabilities.

Overall, CNN detection reflects deep concordance with
underlying algebraic geometry. Its ability to visualize learned
features provides interpretability, demonstrating how neural
networks capture stratification signals embedded in
homological tensors [34].

5.3 Theoretical vs. computational consistency of Betti
jump predictions

Comparing theoretical predictions with MATLAB and CNN
outputs reveals strong agreement regarding where Betti jumps
occur, especially along loci defined by determinantal
constraints or obstruction-driven discontinuities [35]. The
semicontinuity principle governing Betti behavior predicts
that jumps appear when differentials lose rank; MATLAB
resolution outputs confirm this by exhibiting expanded syzygy
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kernels precisely at these points. Correspondingly, the CNN
classifies these regions as high-risk jump zones, identifying
tensor patches where features match syzygetic instability
patterns.

Occasional discrepancies arise when symbolic computation
approaches numerical limits or when deformation families
exhibit  near-degenerate  configurations that obscure
homological signatures. However, these mismatches usually
reflect subtleties in Grébner basis selection or reduction order
rather than failure of theoretical principles [36]. In many
cases, CNN detection resolves ambiguities by capturing
micro-patterns otherwise masked by symbolic simplification.

Together, theoretical and computational approaches converge,
validating the robustness of syzygy-based stratification
predictions. The combined framework illustrates how
deformation theory constructs the conceptual map, MATLAB
traces the explicit deformation pathway, and CNNs highlight
the homological texture embedded within the data [37].

6. DISCUSSION
6.1 Interpretation of computational detection within
theoretical stratification

The computational findings substantiate theoretical claims
that syzygetic strata form layered, rigid structures inside
moduli, where transitions correspond to rank drops,
obstruction classes, and determinantal conditions [38].
MATLAB simulations clearly illustrate how small
perturbations can trigger sudden stratification shifts,
confirming the upper-semicontinuity behavior of Betti
numbers. The CNN’s capacity to detect these jumps
strengthens the interpretation that syzygetic stratification is
not only algebraically coherent but also computationally
observable.

The feature maps reveal that neural networks detect precisely
those structural cues predicted by local deformation theory
kernel expansion, degree clustering, and syzygy multiplicities.
These observations underscore that stratification boundaries
are deeply encoded within resolution matrices, meaning that
the homological data space itself contains sufficient
information for automated detection. Computational tools thus
provide a lens into the geometric framework: they visualize
how the moduli space bends, folds, and layers as deformations
move through algebraic terrain [27].

The alignment between theoretical expectations and
computational output supports the view that Betti jumps are
not numerical accidents but signatures of genuine geometric
transformation. Machine-learning methods therefore serve not
merely as classifiers but as diagnostic instruments allowing
stratification to be mapped empirically.

6.2 Implications for moduli rigidity, instability, and
deformation pathways

The interplay between rigidity and flexibility in moduli
becomes clearer through these computational experiments.
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Objects with stable Betti regions exhibit rigidity, maintaining
consistent syzygetic structure across large deformation
intervals. In contrast, regions near determinantal boundaries
display instability, with syzygies reacting sensitively to
parameter variation. This dual behavior reinforces that moduli
spaces are not uniform landscapes; instead, they contain rigid
cores and unstable fringes shaped by algebraic constraints
[28].

Betti jumps mark the entry into unstable territory, where small
deformations may produce large structural changes. These
phenomena influence moduli geometry by generating singular
strata, unexpected adjacency relations, and nonreduced
components. Obstruction-driven discontinuities emphasize
that deformation pathways are directional: some routes lead
smoothly through moduli, while others are blocked or
redirected by Ext-level constraints [29].

From a practical standpoint, understanding where jumps occur
helps classify deformation directions into stable, semi-stable,
and unstable categories. This classification guides theoretical
inquiries into smoothing processes, degeneration patterns, and
the resolution of singularities. The computational perspective
also highlights which pathways are most likely to produce
structural variation, informing future research into moduli
stratification.

6.3 Limitations and opportunities for advanced symbolic +
neural hybrid models

Despite promising results, limitations remain in combining
symbolic algebra with neural detection. Grobner basis
computations can become prohibitively expensive for high-
dimensional systems, restricting the size of deformation
families that can be studied directly. Moreover, symbolic
routines may obscure subtle syzygetic patterns when
simplification removes terms essential for accurate
classification. These constraints suggest a need for hybrid
strategies that dynamically balance symbolic precision with
neural approximation [30].

Neural models, while effective, depend heavily on high-
quality tensor encodings; poor representation may lead to loss
of homological nuance. Additionally, CNNs lack native
algebraic awareness although they detect patterns, they do not
inherently understand syzygies or differentials. Future work
may incorporate algebra-informed architectures or graph-
based neural methods that model syzygy networks explicitly
[31].

Hybrid frameworks could integrate symbolic checkpoints into
neural training loops, enabling the model to learn from
algebraic  corrections.  Alternatively,  machine-learning
surrogates could approximate symbolic computations in early
stages, reserving exact resolution computation for validation.
These approaches promise scalable, interpretable systems
capable of navigating large moduli spaces while preserving
mathematical fidelity [32].
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7. CONCLUSION
7.1 Summary of contributions to syzygy theory and
moduli geometry

This article advances syzygy theory and moduli geometry by
presenting a unified perspective that connects deformation
behavior, stratification structure, and homological variation
through both theoretical and computational frameworks. It
shows that syzygies serve as highly sensitive indicators of
deformation dynamics, revealing subtle transitions in local
geometry that classical invariants often fail to detect. By
establishing explicit criteria for stratification boundaries and
demonstrating how Betti number jumps align with
determinantal and obstruction-driven phenomena, the work
clarifies how moduli spaces partition into stable and unstable
regions. The integration of homological identities,
deformation equations, and syzygetic rank conditions
provides a coherent analytical foundation for understanding
how algebraic objects evolve under perturbation. Overall, the
study contributes a structural interpretation of moduli
geometry that highlights the deep connections between
minimal free resolutions, singularity behavior, and stratified
deformation pathways.

7.2 Computational advances enabled by MATLAB and
CNN architectures

The computational framework developed in this work
significantly enhances the ability to detect, simulate, and
classify syzygetic transitions across deformation families.
MATLAB’s symbolic algebra capabilities allow precise
modeling of perturbations, automated resolution construction,
and continuous tracking of syzygy ranks, producing datasets
that capture the full range of homological behaviors. These
symbolic computations provide ground-truth structure for
training machine-learning models, while also visualizing
deformation trajectories that clarify how Betti discontinuities
emerge. The CNN architecture extends this capability by
learning local and global syzygy patterns embedded in
tensorized resolution matrices. Through convolutional
filtering, feature map extraction, and probabilistic
classification, the network identifies homological instabilities
that correspond to theoretical strata boundaries. Together,
MATLAB and CNNs enable a new level of computational
insight, offering scalable tools that bridge abstract
deformation theory with empirical detection and prediction of
homological transitions within complex moduli landscapes.

7.3 Future research directions: deep symbolic learning,
derived deformation models Future research may integrate
deep symbolic learning frameworks that combine neural
inference with algebraic reasoning, enabling models to
manipulate syzygies, differentials, and Ext groups directly
rather than through tensor encodings alone. Such hybrid
systems could reduce computational bottlenecks by
approximating ~ symbolic  routines  while  retaining
mathematical interpretability. Another direction involves
extending deformation analysis into derived and higher-
categorical settings, where spectral and multi-graded
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richer geometric information. These

approaches could reveal deeper invariants governing Betti
variation, enable finer stratification models, and expand
computational access to moduli behaviors beyond classical
deformation theory.
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