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Abstract: In this paper, applications of matrices in human’s life may be presented by being used the basic concepts of matrices, i.e.,
addition and multiplication of two matrices, and then, being obtained the determinant of a matrix and the corresponding eigen-values
and eigen-vectors. The inverse of a given matrix may be obtained by Gauss’s Elimination and Gauss-Jordan. It is essential for this

paper.
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1. INTRODUCTION

This paper contains three parts. Firstly, the basic
concepts, i.e., definition of a matrix, operations of matrices,
classes of real square matrices, will be introduced.

In second portion, matrix eigen values problems

containing eigen-values and eigen-vectors, i.e., in Economics,
in Engineering problems. Eigen values may be obtained with
determinant of (A — AI) is equal to zero and then, the
corresponding eigen-vector may be obtained.
Finally, the problem of human’s life, Deformation of circular
to ellipse, Mixing problem including two tanks, Electrical
network problems will be solved with applications of matrices
eigen-value problems.

2. TYPESET TEXT

2.1 Definition of a Matrix

A matrix is a rectangular array of numbers (or
functions) enclosed in brackets. These numbers function are
called entries or elements of the matrix.

A matrix can be denoted by capital boldface letters A,
B, C and so on or by writing the general entry in brackets;
thus A=[ aj; ], and so on. By an m X n matrix, we mean a
matrix with m rows and n columns. Thus an m X n _matrix is
of the form

A1 Q12 Qin
A= [ajk] = [a21 Qazz - a2n]
Am1 Amz2  Amn

A matrix that is not square is called a rectangle matrix.
A matrix is a rectangular array of numbers (or functions)
enclosed in brackets. These numbers function are called
entries or elements of the matrix.

In the double-subscript notation for the entries, the
first subscript always denotes the row and the second the
column in which the given entry stands. Thus a5 is the entry
in the second row and third column.

If m = n, we call Aann X nsquare matrix. Then its
diagonal containing the entries a;; , ayz, ..., g, 1S called the
main diagonal or principal diagonal of A. A matrix that is not
square is called a rectangle matrix.

2.2 Inverse of a Matrix
The inverse of a matrix may be obtained by Gauss-

Jordan Elimination in the form
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AA™l =414 =1
2.3 Matrix Eigenvalue Problem
The matrix eigen-value problem may be solved as
following procedure.
AX=AX->A-ADX=0&|A-A|=0
2.4 Vectors in terms of Matrices
If a matrix has only one row, then the matrix is said to
be a row vector and a matrix with only one column is known

as a column vector. In both cases, its entries are vector
components and denote the vector by a = [a;].
2.5 Definition of Matrix Addition
Addition is definition only for matrices A=
[aji] and B= [bj;] of the same size; their sum, written
A + B, is then obtained by adding the corresponding entries.
Matrices of different sizes cannot be added.
2.6 Definition of Scalar multiplication

The product of any matrix A, whose dimension is m X n, i.e.,
A has m number of rows and n number of columns. In
notation, A = [ay], wherej=1,2,3,...,mandk=1,2,3, ..
., N, and any scalar ¢ may be written by cA. The product of a
matrix and any scalar is also another matrix of same
dimension as given matrix. So, cA is also an m X n matrix.

¢ A= [ca;y] obtained by multiplying each entry in A

by c.

2.7 Properties of matrices
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Addition of matrices which have same dimensions obey
commutative, associative, identity, inverse properties. In
symbol,

(@ A+B =B +4

b U+M+w =0+ V+Ww)

(c) 0+4 =4

d) A+(-4)=0

Both multiplication of a scalar with the sum of two or
more matrices and multiplication of a matrix with the sum of
two or more scalars obey the distributive law. Moreover,
scalar multiplication of the matrix, it is obtained by the scalar
multiplication of a given matrix with a scalar, with another
scalar obey the associative law. Lastly, scalar multiplication
obey the identity property. These are

(@ c(4 +B) =cA +cB

b)y(c+ kA =cA+kA

() c(kA) = (ck)A

d) T1A=A
2.8 Nodal Incidence Matrices

(e) InaNodal Incidence Matrix, its entries may be

written as
(M ap =
+1, if branch k leaves node j
-1 if branch k enters node j

0, if branch k does not touch node j

2. 9 Transposition of a matrix
Consider a matrix A = [aj|is of the form

a1 Q12 Q13- QAim
dz1 Qzz Q3. Qom
A=la3; as; Azm |;
an1  Qn2 Anm
[‘111 az1 Az An1
| Q12 Qz2 Q32 QAn2 |
AT =la;z  ay; Qan3
A1m  do2m anmJ

Although A is an n x m matrix ATis now a m X n matrix.
Hence a matrix and its transport matrix may not have the
same dimension. But a square matrix and its transport have

same dimension.

2.10 Classes of Real Square Matrices

(Symmetric, Skew-symmetric, and Orthogonal)

Definitions

Consider a real square matrix A = [a;y|. Then,

(@) AT =4, e, ax; = aj. Then, A is symmetric.
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(b) AT =—A,ie, ax; = —aj- Ais skew-symmetric.
(c) AT =A71ie, AT = A~ > A s orthogonal matrix.
3. MATRIX EIGEN VALUE PROBLEM

3.1 Solution of Linear Systems:
Fundamental Theorem for linear systems
3.1.1Existence

A linear system of m equations in n unknowns
X1,X3,X3 , ..., X, May be

X1 + a12%X; +ag3x3 + o+ agpxy = by

Az1%1 + AgpX; + Aa3X3 + o + A Xy = by (1)

A X1 + QaXy + Qpaxz + o+ A Xy = by

This may be written by AX = b, where

[A11 Qi
A= : i,
1Am1 " Amn
I LS T = U} | by
A=t & i | by,
lAm1  *° Amn | bn
X, by
x= s],b:H,
[ Xn b,

The given linear system is consistent, that is, it has solutions,
if and only if the coefficient matrix A and the augmented A
have the same rank, say p, i.e., rank of A = rank of4 < n.

3.1.2 Uniqueness
The system (1) has precisely one solution if and only if A and
A have the common rank r and r = n. Rank of A = Rank of 4
=r=n.
3.1.3 Infinitely many solution

The system (1) has infinitely many solutions if and
only if A and A have the common rank r, where r < n.

rank of A =rank of 4 < n.

3.2 Cramer’s Rule
X1 + A%, + A 3X3 + -+ AnXn = bl
alel + azzxz + a23x3 + A + aann

=b2

Am1X1 + QmaXy + Qpzxs + -+ QunXy = by,

D. D.
=2, ...,x, = =, where
D

D
Then, x; = Fl —

yXp =
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a1

azi

detA =D = |az1

ani

|b1 a1z  Aai3 Aim | |11 by a3

b, az; az.. am az by az

D; = |bs as; - azm|s D2 = |azy bz
bn An2 Anm an1 bn

3.3 Applications of Matrices

(EIGEN-VALUED PROBLEMS IN
HUMAN’S LIFE)

3.3.1 Matrix Time Vector, Weight Watching.

Suppose that in a weight-watching program, a person of 185
pounds burns 350 calories per hour in walking (3 miles per
hour), 500 calories per hour in bicycling (13 miles per hour)
and 950 calories per hour in jogging (5.5 miles per hour). Bill,
weighing 185 pounds, plans to exercise according to the
matrix shown. Verify the calculation.

(W= Walking, B= Bicycling, J= Jogging).

Monday [ % b J 1 Monda
y 1.0 0 0.5 |[350 825 y
Wednesday 00| = 1325 | Wednesday
Friday 1.0 10 05 ~[1000| Friday
Saturday 15 0 0.5 11950 2400 Saturday
20 15 1.0

Total calories lost = 5500 or 1.6 Ib per week.

3.3.2 Markov Process with Stochastic Matrix

Suppose that the 2004 state of land use in a city of 60 mi? of
built-up area is Commercially Used, C 25%, Industrially
Used, | 20% and Residentially Used, R 55%. Apply Markov
Process to be determined the probabilities of state of land in
Commercially Used, Industrially Used and Residentially Used
in 2009, 2014 and 2019.Assume that the transition
probabilities for 5-year intervals are given by the Stochastic
Matrix A.

From C Froml FromR
ToC
A= 0.7 0.1 0 Tol
0.2 0.9 0.2 ToR
0.1 0 0.8

A is a stochastic matrix, that is, a square matrix with
all entries nonnegative and all column sums equal to 1. Our
example concerns a Markov process, that is, a process for
which the probability of entering a certain state depends only
on the last state occupied (and the matrix A), not on any
earlier state.

Solution: Markov Process with Stochastic Matrix

Let the column vector x denote the 2004 state. Then,
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aqp a3 ... Am
Ay, A3 ... dym
a.32 cee a3.m
an2 Anm
Aim
azm
azm
Anm
yT =xTA, zT =yTA,uT =274,
07 01 O
A=102 09 0.2
0. .8

1 0 0
25 251"
x=|20]and xT = [20[ =[25 20 55].y7, 2", u"must
55 55
be calculated for required solutions.
Let y denote the 2009 state. Then,

yT =xTA=[25 20 55][0.2 09 0.2

01 0

0.7 0.1 0]

0.8
yT =[19.5 34 46.5]
Let z denote the 2014 state. Then,

07 01 0
zl' =yTA=[195 34 465](0.2 09 0.2
01 0 08

zT =[17.05 43.8 39.15]
Let u denote the 2019 state.

07 01 O
uT =2zTA=[17.05 43.8 39.15]|0.2 09 0.2
01 0 038

uT =[16.315 50.660 33.025]

In 2009, the commercial area will be
19.5% (11.7 mi?), the industrial 34% (20.4 mi?) and the
residential 46.5% (27.9 mi?).

For 2014, the commercial area will be
17.05%(10.23 mi?), the industrial 43.8% (26.28 mi?)and
the residential 39.15% (23.49 mi?).

The next 5 year after 2014, the commercial area will

be16.315% ( 9.789 mi?), the industrial  50.660 %
(30.396 mi?) and the residential area33.025%
(19.815 mi2).

3.3.3 Gauss- Jordan Elimination

Solve the system of equations

2x+y+z=4
x+2y+z=8
2+y+2z=4.
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Firstly write the given system of equations in the [ 6 2z 2 [3 e ‘_1]

1 0 0 8 8 8 4 4 4
form AX = B. Then find A~'by being used the Gauss- 1|A_1=|0 1 0 _Tl % ‘Tll_>,4—1= _Tl % _Tl
Jordan’s Elimination method. lo 0 1 -1 1 §J -1 -1 3

4 4 4 4 4 4
Solution: 3 -1 -1
2 1 1) [4 ‘0 4] 8 3 x 3
1 2 1[y]=8—>AX=B X=4"1B = |2 : ‘fH:[g —>X=[y]=[3]
1 1 21tz 4 -1 -1 3|l4 -1 z -1
211 X 4 4 4 4
X=A"B,whered=|1 2 1 ,X—[y],B— 8 334
11 2 z 4 o _ _
Process: Expand A | I. Mixing problem involving two tanks
Start scaling and adding rows to get | A~1 Tank T;contains initially 100 gal of pure water. Tank
All = T, contains initially 100 gal of water in which 150 Ib of
21110 0 - 1 % % % 0 0 fertilizer are dissolved. Liquid circulates through the tanks at a
1210 10—71 21010 constant rate of 2gal/min and the mixture is kept uniform by
112 0 01 . . - .
112001 stirring. Find the amounts of fertilizer y,(t) andy,(t) in
1 11 . L
1 53 3 0 0 T, and T, respectively, where t is time.
12101 Solution:
112001 11 1 Let y, (t) =amount of fertilizer in tank T; and
[1 22 2 0 0] y,(t) = amount of fertilizer in tank T,.
Rp1(~1)&R31(~1) 31 -1 )
o >3 7 1 0| Hence, the time rate of change of y, (t) = y,’(t) and
|lO 1 3 -1 0 1J| the time rate of change of y,(t) = y,'(t).
2.2 2 Tank.1: (100) gal of water contains y, Ib of dissolved
1 % % % 0 0 ] 1 é é é 0 0 fertilizer.
0 % % ‘71 1 0 1& 0 1 § ‘?1 g 0 (2) gal of water contains 1%Oyllb of dissolved fertilizer.
% ; ‘71 0 1 0 2 2 ‘71 0 1 Tank.2: (100) gal of water contains y,Ib of dissolved
1 % % % 0 0 B 1 % % % 0 0 fertilizer.
0 1 122z, R32(7) 0 1 X =t 2 (2) gal of water contalns yzlb of dissolved fertilizer.
3 3 3 3 3 3
1 3 -1 4 -1 -1 ' _ Inflow_outflow T 2
0 ;3701 00 3 3 3 1 In tank1,y,"(t) = min min Y1 T Too Y1 T 1gg 2
r 1 1 1 1 ' Inflow  outflow r_ 2 2
1 322 2 00 1 2 2 3 0 0 In tank2,y,"(t) = min min Y2 T 10071 " 10072
1 -1 2 Rs(3) 2.2 4 2
01 = = = o]l—=>% 1= 20
3 3 3 01 - 35 3 -2 2
4 -1 -1 -1 -1 3 - —
00 - = =1 001 — = = v, y
. 3 3 3 4 4 2 1]_100 100|111 L = g
12 — y - y
ST T 0] i _2 [Y2]
121 100 100
-1 2
0 1 i 5 3 0‘ Lety = xe™t -y’ = Axe? = 1y = Ay
-1 -1 3
0 01 - - 3 Axet = Axe > Ax = Ax
[, 5 1 3 (A—2Dx=0->det(A— A =0
- - - 8 8 8
ro(F)ers(FH)IL 3 005 5 S [F002=2 002 | ;0= g0s
[0 1.0 4 4 4 J 0.02 -0.02 -2 ’ '
-1 -1 3
R [A—2Tx=0
5 1 =3 sz zz (-0.02-2) 0.02 o
: f o) = [o]
1205 3 4 ro(Z)|L 00 505 4 0.02 (=0.02 -2
010 % 2 2| (L0 7 7 —0.02 — -
lo o 1 é é gJ lo 0 1 ﬁ é EJ (=0.02 = Dx; +0.02x, =0
4+ 4 4 4 4 4 0.02x; + (=0.02 — A)x, = 0
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Fori=0,x; =x2=1—>ﬁ=[ﬂ
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Ford=—004, x, =1Lx, = —1>x, = [_11]

y = cxeM® 4 cyx,et®)
y1(0) =0,y,(0) =150 » ¢, = 75,¢c, = =75
y1 =75 — 75e7%%*andy, = 75 + 75 e =004t

3.3.5 Electrical Network

L=1henry C=0.25farad

Switch
t=0

E =12 volts — _{J G_
1) |4t
L ——\\N,

R2 = 6 ohms

Find the current I;(t) and I,(t) in the network in
figure. Assume all the currents and charge to be zero at t=0,
the instant when the switch is closed.

Solution: Electromotive force,
E(t)=E +Ex +E,E, =1I''Ex =RIE, =

=1 @®adt
For the left loop yield
E = E; +Ep,

12=105"+R,(I; - ) > 12
=L + @)U - L)
L'=—41+41,+12 @)
For the right loop yield,
E = Egp, +Eg, +Ec>0=Ry (I, — 1) +RI; +

% [ L()dt

1

0 =4I, —4I, + 6I, + 4f12(t)dt

Differentiate both sides,
0 =4 —4l, + 61, +4I, - 0 = 10I,' — 4I," + 41,
The above equation is solved by equation (1)
0 = 10L, — 4 (—4I, + 4L, + 12) + 41,
0=1,+1.6I, —1.2I,— 48
L' = —16l +12I, +4.8 )

[Z] - [—_1‘.}6 11.}2] Z] * [i.?;’
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Let]' = [2] A= [—_1[.}6 1?2]' 1= [2] 9= [ié]
]’ = Aj+yg 3)
It is a non- homogeneous first order differentiation equation.
Consider a homogeneous differentiation equation is
J = A] @)
Let J, = x e?t. Then,
J=Axett 5 (A—-2ADx =0->det(A— A =0

-4 -2 4

e 1.2_/1|=0—»/11= -2, 2, =08

For , =-2-x = [ﬂ and
A, =08-x, = [0?8]

Jn = cixeMt 4 cpxpetet = ¢ [ﬂ e ?t + ¢, [018] e~ 08t

. . a ) i
Since g is a constant, let /,, = [aﬂ be the particular solution
of (3).

r 0 !
Then, J," =[] =1’ = 4Jp + g
0] _[—4 471[%], [12 3 o
[0] = [—1.6 1.2] [az] + [4.8] Da=3,0=0.4
_ I3
- [0]
J=In+Jp =weixie ? + cxe %8 +a
I, =2cie7%t + ce7 08t + 3
I, = cie™?t + 0.8c,e 08¢

L(0)=0,L0)=0>¢,=—4,c,=5
I, = —8e 2t + 5708 4 3and I, = —4e %t + 4708t

4 CONCLUSION

In my conclusion, matrices can be applied in human’s life,
i.e., they may be applied not only in various engineering
problems, such as in electrical networks, in nets of roads, in
production processes, mixing problems etc, but also in
economics. All of these were solved in the previous section.
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