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Introduction to Interpolating Polynomial Curves
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Abstract: This paper mentions the convex combinations and the convex hull of a set of points, and a brief and very informal
introduction to parametric curves. The first method for curve construction, namely polynomial interpolation, is introduced in this paper.
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1. INTRODUCTION

Interpolation polynomials and Interpolating polynomial curves are
fundamental tool for “Spline Interpolation”.

2. CONVEX COMBINATION AND
CONVEXHULL
2.1 Convex Combination

A convex combination is described as
c=(1-Nc +2Ac, (1.1)
c is said to be a convex combination of c; and c,.

Here, c; and c, are two given numbers and Aa given weight in the
range[0,1]. The result of the computation is the numbercwhich
mustlie betweenc; and c, as average always do.

2.2 The Convex Hull of a Set of Points
If C = (Xlﬁ yl)and Cy = (Xz, yZ)' then

(1.1), is usually implemented on a computer by expressing it in
terms of convex combinations of real numbers

xy) = ((1 = xq + x5, (1 = Vy, + 7\}’2): 1.2)

where (x,y) = c and the weight A is some number in the range0 <
A< 1

AsA are all real numbers, the pointc in (1.2) will pass through c;
and c, as a whole straight line.

The convex hull, or the set of all weighted averages, of the two
pointsc; and c, is the part of the line between these two points
when0 <A< 1.

c =7\ +2Ac, + -+ Aycy, IS @ convex combination of n points
(c)iz2
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where}lL; A = lLand 0 < A; fori =12, ..., n.

The convex hull of two points is the straight line segment that
connects the points, and the convex hull of three points can be
identified with the triangle spanned by the points. In general, the
convex hull of n points is the n-sided polygon with the points as
corners.

3.POLYNOMIAL INTERPOLATION
3.1 Some Fundamental Concepts

The most natural curve to construct from given two points ¢, =
(X0, ¥0)and ¢, = (x4,y,)is the straight line segment which
connects the two points.

Generally, this line segment is expressed as

ty—t t—t,

q(tleg, cq5to, t1) = ——co + ¢, , for t € [t t4] (1.3)
ti—to ti—to

Here, tyand t,are two arbitrary real numbers with t, < t;.

The two coefficients% ,%add to one and each of them is non-
1~ 0 1~ %o

negative as long ast is in the interval[t,, t;] .
Equation (1.3) is an example of a parametric representation.

If the wvariablet is denoted as time, the parametric
representation q(t|co, c1; to, t;) gives a way to travel from ¢, to c;.
The parameter t, is described as the time at starting point c, and t;
as the time at end point c; .

The speed of travel along the curve is given by the tangent vector

or derivative q'(t|co, c1; to, ty) = @
1~ %o
while the scalar speed or velocity is given by the length of the

— — 24 — 2
tangent vector|q'(tlco, cy; to, ty)| = 120l YOu X0+ (s 7y0)?
4% 4t
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3.2 Quadratic Interpolation of Three Points

The curve is constructed from given three interpolation points
Co, €1 andc,, which is quadratic and also needs three
parameters(t;)Z . First, the two straight lines are described

asqo 1 (t) = q(tlco, cq; to, t1) and qq (1) = q(tlcy, ez t4,t2)
Then, the quadratic curve is

qo2(t) = Q(t|C0: €1, C2; to, by, t2)

= ht to—to
Att = to y
t; — %o to—to
ty) = C ci =¢C
do,1(to) t—too t—tol 0
t2 to
Qo2 (to) = QO 1(to) + (h 1(to) = do,1(te) = co
Thus, QO,z(to) = %,1(t0) =Co
Att = t1 ’
-t t, —to
t = C Ci =C
o,1(t1) -t 2T —t, 1
-4 t—4
ty)=——c + Cy =C¢C
q1,1(t1) t—t11 t—t12 1
Qo2(ty) = QO 1(t1) + (h 1(t)
t, —t -t
= 2 1C1+—0C1:C1
t,—ty &ty —to
t—t,
Att = tz ,Q1'1(t2) = ety 2 = C
Qoz(tz) = QO 1(t2) + Ch 1) =c,

2
™

(@ t=(0,15,2) (b) t=1(0, 0.25, 2)

Figure 1.1 Some examples of quadratic

Note that the interpolation points are the same in plots (a) and (b).
In this case of three points, the result of quadratic interpolation is
clearly highly dependent on the choice of parameters. In plot (a)
the value of t,is being height. Thus, the traveling from ¢, to
c,takes more time thanc, to c,. In plot (b) the value of t; has been
lowered leaving more ‘time’ for traveling from c; to c, than
from c, to c;. This makes the journey between these points longer
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and someone traveling along the curve can therefore spend the extra
time allocated to this part of the journey.

3.3 General Polynomial Interpolations
The two quadratic interpolants are
Qo,2() = q(tlc, c1, €25 to, t1, t2)

d1,2(0) = q(tlcy, ¢z, ¢35y, ta, t3)

when the given points are (c;)3_, and the choosing four
parameters t = (t)3,

Then, the cubic interpolant qo3(t) is

qQoz(H) = % 2 + (h 2(®)
Att = tg , %,z(to) =C
Att =tz , q12(t3) = ¢3

At an interiort; it is a convex combination ofqq ; (t;) andq, 1 (t;)
which both interpolatec; att; . Hence, qq3(t;)) = c; fori=1
and i = 2 s0 qq 3 interpolates the four points(c;)Z,.

Some examples of cubic interpolants are shown in Figure 1.2, and
the same interpolation points are used in (a) and (b).
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(a) t=(0, 0.35, 2.75, 3) (b) t= (0, 1.1, 2.25, 3)

Figure 1.2 Some examples of cubic interpolation

By adjusting the parameters, quite strange behavior can occur, even
with these ‘nice’ interpolation points. In Figure (a), there is so
much time to ‘waste’ betweenc; and c,that the curve makes a
complete loop.

In general, givend + 1 points(c;), and parameters(t;){,, the
curve qo4of degreed that satisfies qo4(t;) = ¢jfor j = 0,1,...,d is
constructed by forming a convex combination between the two
curves of degree d — 1 that mterpolate(c )&t and(c)d,,

thd 1()"‘ Q1d 1 (0.

tq
qoa(t) =
Thus, qo,q(t)can be written
Qo,a(t) = cofo,a(®D) + c1€1,4(0) + -+ cafy,a(t),

where the functions{fi,d}i
degreed given by

o are the Lagrange polynomials of
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(t-t)
j

£iq() = l_[
17—

O<jsd

1

These polynomials satisfy the condition
_ 1, if k=i
#1a(ti) _{ 0, otherwise
which is necessary sinceqg q(ty) = cy.

4. Algorithm ( Neville/Aitken Method )

Let d be a positive integer and let thed + 1 points (¢;)%, be given
together withd + 1 strictly increasing parameter values t = (t;){,

There is a polynomial curve qo4 of degreed that satisfies the
conditions

Qoat) =¢  fori=0,1,..,d,

and for any real numbert the following algorithm computes the

pointsqeq(t) . First setq;o(t) = cifor i =0,1,...,d,and then
compute

titr—t t—t;
- qi,r—l(t) + t _lt, qi+r,r—1(t)
i+r 1

Qir (t) =

L=t
fori=0,1,..,d—r,andi=1,2,...,d,

The computations involved in determining a cubic interpolation
curve are shown in the triangular table in Figurel.3.

The computations starts from the right and proceed to the left and
at any point a quantityq; . is computed by combining, in an affine
combination, the two quantities at the beginning of the two arrows
meeting atq;, . The expression between the two arrows is the
denominator of the weights in the affine combination while the two
numerators are written along the respective arrows.
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t1 — Co
qo1 ty =t
tz -
do,2 i, — 1t t=t G
:3_/ v
qo3 t3 —to t=to q11 tp =ty
t3 -
} t—t
q1,2 t3—1t C2
t3 -
t—t
t q2,1 t3 —t;

/

t—t, .
3

Figure 1.3.Computing a point on a cubic interpolating
curve

Two examples of curves of degree five are shown in Figure 1.4,
both interpolating same points.

\

1 15 2 25 3 a5 4 a5 1 15 2 28

(a) t=(0, 0.35, 1.9, 2.8, 3.75, 5)

Figure 1.4 Two examples of Interpolation withpolynomial curves
of degree five

5. CONCLUSION

We had presented polynomial interpolation and cubic interpolating
curves that are fundamental background for “Spline interpolation”.
Spline interpolation is applied to design the smoothness of shape of
automobile, ships, and many others.
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8. APPENDICES
Using the MATLAB, the interpolating curves are easily obtained.
Figure 1.1

Inter_curve=[];
t0=0;t1=1.5;t2=2;c0=[1 1];c1=[2 2];c2=[4 3];
for t=0:0.1:2;
q01=(t1-t)/(t1-t0)*cO+(t-t0)/(t1-t0)*c1;
gql1=(t2-t)/(t2-t1)*cl+(t-t1)/(t2-t1)*c2;
002=(t2-t)/(t2-t0)*q01+(t-t0)/(t2-t0)*q11,;
Inter_curve=[Inter_curve;q02];
axis on;
hold on;
plot(Inter_curve(:,1),Inter_curve(:,2),'0',[1 2 4],[1 2 3],'r0")
end
Inter_curve=[];
t0=0;t1=0.25;t2=2;c0=[1 1];c1=[2 2];c2=[4 3];
for t=0:0.1:2;
q01=(t1-t)/(t1-t0)*cO+(t-t0)/(t1-t0)*c1,
gl1=(t2-t)/(t2-t1)*cl+(t-t1)/(t2-t1)*c2;
002=(t2-t)/(t2-t0)*q01+(t-t0)/(t2-t0)*q11,;
Inter_curve=[Inter_curve;q02];
axis on;
hold on;
plot(Inter_curve(:,1),Inter_curve(:,2),'b',[1 2 4],[1 2 3],'r0")
end

Figure 1.2

Inter_curve=[];

t0=0;t1=0.35;t2=2.75;t3=3;c0=[1 2];c1=[3 5];c2=[4 2];c3=[5 1];

for t=0:0.1:3;
QO1=(t1-t)/(t1-t0)*cO+(t-t0)/(t1-t0)*cl;
qL1=(t2-t)/(t2-tl)*c1+(t-t1)/(t2-t1)*c2;
02=(t2-t)/(t2-t0)*q01+(t-t0)/(t2-t0)*q11;
021=(t3-t)/(t3-t2)*c2+(t-t2)/(t3-t2)*c3;
q12=(t3-t)/(t3-t1)*qL1+(t-t1)/(t3-t1)*q21;
003=(t3-t)/(t3-t0)*q02+(t-t0)/(t3-t0)*q12;

Inter_curve=[Inter_curve;q03];
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axis on;

hold on;
plot(Inter_curve(:,1),Inter_curve(:,2),'b',[1 34 5],[25 2 1],'r0")
end

Inter_curve=[];
t0=0;t1=1.1;t2=2.25;t3=3;c0=[1 2];c1=[3 5];c2=[4 2];c3=[5 1];
for t=0:0.1:3;
qO1=(t1-t)/(t1-t0)*cO+(t-t0)/(t1-t0)*c1;
ql1=(t2-t)/(t2-t1)*c1+(t-t1)/(t2-t1)*c2;
q02=(t2-t)/(t2-t0)*q01+(t-t0)/(t2-t0)*q11;
021=(t3-t)/(t3-t2)*c2+(t-t2)/(t3-t2)*C3;
g12=(t3-t)/(t3-t1)*q11+(t-t1)/(t3-t1)*q21;
g03=(t3-t)/(t3-t0)*q02+(t-t0)/(t3-t0)*q12;
Inter_curve=[Inter_curve;q03];
axis on;
hold on;
plot(Inter_curve(:,1),Inter_curve(:,2),'b',[1 34 5],[2 5 2 1],'r0")
end

Figure 1.4

Inter_curve=[];

t0=0;t1=0.35;t2=1.9;t3=2.8;t4=3.75;t5=5;c0=[1 1];c1=[1.5

1];c2=[2 3];c3=[2.2 3.4];c4=[3 4];c5=[4.3 4.5];

for t=0:0.1:5;
q01=(t1-t)/(t1-t0)*cO+(t-t0)/(t1-t0)*c1;
qll=(t2-t)/(t2-t1)*c1+(t-t1)/(t2-t1)*c2;
g02=(t2-t)/(t2-t0)*q01+(t-t0)/(t2-t0)*q11;
021=(t3-t)/(t3-t2)*c2+(t-t2)/(t3-t2)*3;
g12=(t3-t)/(t3-t1)*q11+(t-t1)/(t3-t1)*q21;
g03=(t3-t)/(t3-t0)*q02+(t-t0)/(t3-t0)*q12;
031=(t4-t)/(t4-t3)*c3+(t-t3)/(t4-t3)*c4;
q41=(t5-t)/(t5-t4) *c4+(t-t4)/(t5-t4)*C5;
g22=(t4-t)/(t4-12)*q21+(t-t2)/(t4-t2)*q31;
q13=(t4-t)/(t4-t1)*ql2+(t-t1)/(t4-t1)*q22;
032=(t5-t)/(t5-t3)*q31+(t-t3)/(t5-t3)*q41;
023=(t5-t)/(t5-t2)*q22+(t-t2)/(t5-t2)*q32;
ql4=(t5-t)/(t5-t1)*q13+(t-t1)/(t5-t1)*q23;
q04=(t4-t)/(t4-t0)*q03+(t-t0)/(t4-t0)*q13;
q05=(t5-t)/(t5-t0)*q04+(t-t0)/(t5-t0)*q14;

Inter_curve=[Inter_curve;q05];
axis on;
hold on;

plot(Inter_curve(:,1),Inter_curve(:,2),'b',[11.522.234.3],[113

3.4 4 4.5],'r0")

end

Inter_curve=[];

t0=0;t1=1.1;t2=2.8;t3=3;t4=4.2;t5=5;c0=[1 1];c1=[1.5 1];c2=[2

3];¢3=[2.2 3.4];c4=[3 4];¢5=[4.3 4.5];

for t=0:0.1:5;
qO1=(t1-t)/(t1-t0)*cO+(t-t0)/(t1-t0)*c1;
qL1=(t2-t)/(t2-t1)*c1+(t-t1)/(t2-t1)*c2;
002=(t2-t)/(t2-t0)*q01-+(t-t0)/(t2-t0)*q11;
021=(t3-t)/(t3-t2)*c2+(t-t2)/(t3-t2)*c3;
q12=(t3-t)/(t3-t1)*qL1+(t-t1)/(t3-t1)*q21;
03=(t3-t)/(t3-t0)*q02+(t-t0)/(t3-t0)*q12;
031=(t4-t)/(t4-t3)*c3+(t-t3)/(t4-t3) *c4;
Q41=(t5-t)/(t5-t4)*c4+(t-t4)/(t5-t4)*C5;
022=(t4-t)/(t4-12)*q21+(t-t2)/(t4-t2)*q31;
q13=(t4-t)/(t4-t1)*q12+(t-t1)/(t4-t1)*q22;
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32=(t5-t)/(t5-t3)*q31+(t-t3)/(t5-t3)*q41;
023=(t5-t)/(t5-t2)*q22+(t-t2)/(t5-t2)*q32;
qL4=(t5-t)/(t5-t1)*q13+(t-t1)/(t5-t1)*q23;
004=(t4-t)/(t4-t0)*q03+(t-t0)/(t4-t0)*q13;
005=(t5-t)/(t5-t0)*q04+(t-t0)/(t5-t0)*q14;
Inter_curve=[Inter_curve;q05];
axis on;
hold on;
plot(Inter_curve(:,1),Inter_curve(:,2),'b',[11.522.234.3],[113
3.444.5],r0"
end
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